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In this paper, we analyze Gaussian processes using statistical mechanics. Although the input

variable is originally multidimensional, we simplify our model by considering the input vari-

able as one-dimensional for statistical mechanical analysis. Furthermore, we employ periodic

boundary conditions as an additional modeling approach. By using periodic boundary condi-

tions, we can diagonalize the covariance matrix. The diagonalized covariance matrix is then

applied to Gaussian processes. This allows for a statistical mechanical analysis of Gaussian

processes using the derived diagonalized matrix. The results indicate that the analytical solu-

tions obtained in this method closely match the results from simulations.

1. Introduction

With the publication of seminal texts on machine learning,1) it can be considered that the

field of machine learning is nearly mature. Within the field of machine learning, there exists

a Gaussian process2)-.9) Although there are already studies that have analyzed Gaussian pro-

cesses using statistical methods,10) no research has yet solved Gaussian processes by deriving

exact solutions. In this paper, we aim to perform a rigorous analysis of a Gaussian process

using statistical mechanical analysis.

To perform a statistical mechanical analysis, we conduct mathematical calculations

through modeling.11) Specifically, we first impose periodic boundary conditions. Next, al-

though the inputs of a Gaussian process are multidimensional, we consider them to be one-

dimensional. These model assumptions facilitate discussions on Fourier space and allow for

the diagonalization of the covariance matrix, i.e., the kernel matrix.

In this study, we focus on the case where the input variable points of a Gaussian process

are equally spaced, and we derive an analytical solution for the mean squared error using a

statistical mechanics approach. Here, we discuss the validity and significance of assuming

equally spaced inputs.

*juntuzu@ous.ac.jp
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Generally, the input variable points of a Gaussian process are assumed to be arbitrary.

However, in certain application areas and problem settings, the input variable points are natu-

rally equally spaced. Moreover, the assumption of equally spaced inputs can enable analytical

tractability and provide valuable theoretical insights. The analytical solution derived in this

study is particularly useful in such situations. Specifically, the following points support the

validity of the equally spaced input assumption in our study:

1.1 Applicability to equally spaced sampling in practical applications

The results of this study are particularly useful when dealing with data sampled at equal

intervals. For instance, in time series analysis, data are often acquired at regular intervals

using sensors. Time series data such as temperature, stock prices, and audio signals are fre-

quently sampled at equal intervals, and the analytical solution obtained in this study is ap-

plicable when applying Gaussian processes to these data. Furthermore, the assumption of

equally spaced inputs can also be valid for modeling spatial fields using data obtained from

sensors arranged at equal intervals on a spatial grid, such as meteorological observation and

soil moisture data. In addition, cases where the input variable data are inherently arranged in

a regular grid, such as pixel data in digital images, are also possible. The assumption is not

limited to these examples and can be reasonable or approximated as such in a wide range of

situations.

1.2 Enabling theoretical analysis

By assuming equally spaced inputs, the kernel matrix can be diagonalized, and Fourier

transform techniques can be applied to the relevant equations, which enabled us to derive an

analytical solution for the mean squared error in this study. This analytical solution provides

valuable theoretical insights into the behavior of Gaussian processes. In particular, since it

is generally difficult to obtain analytical solutions for arbitrary input points, the analytical

solution obtained under the specific condition of equally spaced inputs serves as a stepping

stone for understanding the properties of Gaussian processes.

1.3 Usefulness as a benchmark for numerical methods and approximations

The analytical solution derived in this study serves as a benchmark for evaluating the

accuracy of numerical methods and approximations for arbitrary input points. In general, ap-

proximation methods such as variational inference and Markov Chain Monte Carlo methods

are used to compute Gaussian processes for arbitrary inputs. The accuracy of these approxi-

mations can be assessed by comparing them with the analytical solution in the case of equally
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spaced inputs.

1.4 Limitations and future work

Note that the analytical solution in this study is derived under the condition of equally

spaced inputs and is not directly applicable to cases with arbitrary input points. This is a

limitation of the present study. However, as discussed above, there are application areas where

the assumption of equally spaced inputs is reasonable, and the analytical solution also has

theoretical significance.

Future work includes deriving analytical results for arbitrary input points without assum-

ing equally spaced inputs. Although this is generally a challenging problem, the analytical

solution obtained in this study for equally spaced inputs can provide a foundation for fur-

ther theoretical development. Another important direction for future research is to apply the

results of this study to various application areas and improve the accuracy of analysis for

equally spaced sampled data.

In this paper, we perform the following case distinctions to ensure that the model satisfies

the periodic boundary conditions. First, let N denote the number of input elements. In making

distinctions, as shown in Fig. 1(a), if the distance |a − b| between two points does not exceed

N
2

, the distance is kept as is. On the other hand, as shown in Fig. 1(b), if the distance |c − d|
between two points exceeds N

2
, the distance between the two points is taken as N − |c − d|, as

illustrated in Fig. 1(c).

In the study by Tsuzurugi and Eiho,12) periodic boundary conditions were also used

for natural image processing. The absence of notable artifacts in the output images further

supports the validity of using periodic boundary conditions. In this paper, we conduct sta-

tistical mechanical calculations using a model with periodic boundary conditions and one-

dimensional input, as illustrated in Fig. 1. By applying the covariance matrix obtained under

these modeled conditions to a Gaussian process, we derive the exact analytical solution of

a Gaussian process. We then demonstrate that this analytical solution is consistent with the

simulation results.

2. Formulation

We denote N as the number of observed (training) data points and M as the number of

discretized test inputs used to approximate the continuous domain. The index i (1 ≤ i ≤ N) is

assigned to training data (xi, ti), whereas the index j (1 ≤ j ≤ M) is used for unobserved inputs

x j and their corresponding target values S j or predicted values uout. Throughout this paper,
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Fig. 1. Periodic boundary conditions are imposed on N = 128 evenly spaced discrete input values. The target

variable follows a Gaussian distribution. Under the periodic boundary condition, when the distance between two

points exceeds N
2

, the alternative distance between the two points spans across the 0 point.

we consistently use i for observed variables (training data) and j for unobserved variables

(test data) to avoid any notational ambiguity.

In this section, we define the key variables and notations used throughout the paper to

clearly distinguish between observed and unobserved quantities. These definitions are funda-

mental for formulating the statistical mechanical analysis of Gaussian processes.

• Observed input: {xi}Ni=1
— Inputs in the training dataset.

• Target variable: t∗ = {t∗
i
}N
i=1

— The true (noise-free) values of the outputs corresponding

to the observed inputs. These values are not observed directly.

• Noisy observations: t = {ti}Ni=1
— The observed values of the target variable, which are

discrete and include noise.

• Unobserved input: {x j}Mj=1
— New input values not included in the training set. In this

study, these inputs are assumed to be equally spaced.

• Unobserved output: S = {S j}Mj=1 — The true (noise-free) outputs corresponding to the

unobserved inputs. These are the prediction targets and are not directly observable.

• Predicted value: uout = {u j}Mj=1
— The model’s predicted values for the unobserved out-

puts, providing a continuous estimate of S.
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We denote vectors in bold and use the asterisk notation (∗) to indicate true values without

observation noise. This distinction allows us to formally separate learning from prediction,

which is essential for the analytical formulation in later sections. We distinguish between two

types of true output value in this paper:

• t∗: The true (noise-free) output values corresponding to the observed inputs {xi} in the

training dataset. Although these values represent the underlying function we aim to

model, they are not directly observable owing to the presence of noise. Instead, we use

the noisy observations t for training.

• S: The true (noise-free) output values corresponding to the unobserved inputs {xi}, which

are not part of the training data. These values serve as the prediction targets and are also

unobservable.

This distinction is fundamental for separating the theoretical learning objective from the pre-

diction targets and is essential for the statistical mechanical formulation developed in this

paper. Table I summarizes the differences between t∗ and S used in this study. In general,

Symbol Input Type Observable Noise Role

t∗ Observed input (xi) No No True value for learning

S Unobserved input (x j) No No True target for prediction

Table I. Comparison between t∗ and S

when the number of inputs is N, the unobserved inputs of a Gaussian process x j(1 ≤ j ≤ N)

are given in D dimensions. On the other hand, the target variable ti(1 ≤ j ≤ N), which is the

output corresponding to the unobserved inputs, is one-dimensional. In this case, the dataset

for training is defined as follows.


















xi (1 ≤ i ≤ N)

ti (1 ≤ i ≤ N)
(1)

In a Gaussian process, it is assumed that the target variable ti already has noise superimposed,

following a Gaussian distribution with a mean of 0 and a variance of b2. Additionally, when

the unobserved input in D dimensions is denoted as xin, its one-dimensional target variable is

denoted as tout. Here, xin denotes an unobserved input point for prediction that is not included

in the training set. In this case, the unobserved dataset is defined as follows.


















xin

tout

(2)
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Here, x j denotes equally spaced one-dimensional input points and t j is the corresponding

observed noisy output. In this paper, to further simplify the analysis, we model the inputs

of a Gaussian process, as given in the equation, as equally spaced discrete values j = j and

assume periodic boundary conditions for the target values t = t j. Therefore, the possible

values of the elements of the unobserved input vector j are one-dimensional, and the training

dataset is defined as follows.


















xi (1 ≤ i ≤ N)

t j (1 ≤ j ≤ N)
(3)

Let N be an even number. Additionally, let the one-dimensional unobserved input be xin and

its target variable be uout. Then, the unobserved dataset can be defined as follows.


















xin

uout

(4)

In a Gaussian process, both the true target variables without noise and the noise itself are

given by Gaussian distributions. First, the probability distribution of the unobserved outputs

without noise, S = S j, is given as follows.

P(S) =
1

ZS
exp

(

−1

2
ST A−1S

)

(5)

ZS = (2π)
N
2 |A|

1
2 (6)

Here, A is the covariance matrix, and to satisfy the periodic boundary conditions, its elements

A f j are given by the following Eq. (7) and (9).

A f j = a2 exp[−v2| f − j|2] (7)

(| f − j| ≤ N

2
) (8)

A f j = a2 exp[−v2(N − | f − j|)2] (9)

(| f − j| >
N

2
) (10)

Here, a and v are real numbers. The larger the value of v, the greater the correlation between

neighboring target variables, leading them to take similar values. Conversely, when v is small,

the target variables tend to take independent values. The subscript f is used for A f j instead of

i to avoid confusion with the imaginary unit i used in the Fourier transform discussed later.

Here, B is the covariance matrix of the noise distribution, and its elements B f j are given
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by

B f j = b2
δ f , j ,

(11)

where b is a real number and δ f , j is the Kronecker delta given by

δ f , j =



















1, f = j

0, f , j .
(12)

In this case, the noise is the difference between the noisy observation t and the unobserved

output S, and the probability distribution of the noise is given by

Pout(t |S) =
1

Znoise

exp

(

−1

2
(t − S)T B−1(t − S)

)

,

(13)

Znoise = (2π)
ND

2 |B| 12 · (14)

Since noisy observations are obtained by superimposing noise onto the unobserved out-

put, and C f j is also the covariance matrix, C f j is, using A f j and B f j, determined as

C f j = A f j + B f j .
(15)

The probability distribution of the target variables with noise (noisy observations) t = ti

is given as

P(t |C) =
1

ZC

exp

(

−
1

2
tTC−1 t

)

,

(16)

ZC = (2π)
ND

2 |C| 12 . (17)

Here, the posterior probability function of the predicted value uout can be calculated given

the target variables.

P(S |t, a2
, v2
, b2) =

P(S , t|a2, v2, b2)

P(t |a2, v2, b2)
(18)

The predicted value uout is defined as the posterior expectation of the random variable S given

the observed data t.

uout = E[S | t] , (19)

where E[·] denotes the expectation over the posterior distribution P(S | t).
This is because determining uout requires the degraded dataset t. Furthermore, from C f j,

a2 and v2 required for A f j, and b2 required for B f j, are also conditions.

The correlation between the unobserved input jin and the elements of the training input j
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is given as

k( j, jin) = a2 exp
[

−v2( j − jin)2
]

.
(20)

Furthermore, the following can be stated:

kin( jin, jin)

= a2 exp
[

−v2( jin − jin)2
]

+ b2
δin,in

= a2 + b2
. (21)

Here, we define the vector k with the element k( j, jin) as

kT
= {k(1, jin), · · · , k( j, jin), · · · , k(N, jin)}

= {k f } . (22)

The mean of the unobserved outputs is given by2)-?)

uout = kTC−1 t

=
∑

f

∑

j

k f C
−1
f j t j .

(23)

3. Diagonalization of the covariance matrix

By imposing discretization and periodic boundary conditions on the probabilistic model

under consideration, we focus on cases where the covariance matrix becomes a symmetric

circulant matrix, i.e., a translationally symmetric matrix. Under these conditions, the Fourier

transform of S j becomes possible.

S̃ p =
1
√

N

∑

j

S je
−i(p j) (24)

Here, i is the imaginary unit. The inverse Fourier transform of Eq. (24) is given by

S j =
1
√

N

∑

p

S̃ pei(p j)
.

(25)

The possible values of the elements of the vector p are given as

0,
2

N
π,

4

N
π, · · · ,

2(N − 1)

N
π . (26)

In the case of a general two-dimensional array, the Fourier transform R̃hk of an arbitrary

circulant matrix , R f j , is given by

R̃hk =
1

N

∑

f

∑

j

ei(h j−k f )R f j .
(27)
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Here, we consider the Fourier transform of the matrix elements commonly used as covari-

ance matrices, given by Eq. (27) . Owing to the imposed periodic boundary conditions, we

distinguish the cases where 0 ≤ l ≤ N
2

. When f and j denote the positions of the elements,

the original Gaussian process2)-?) defines A f j as follows.

A f j = a2 exp[−
D

∑

d=1

v2
d| f d − jd|2] (28)

Here, d is not an exponent but an index of the input variable dimension. For simplicity, in this

paper we consider the input variable dimension to be one-dimensional, hence, using Eq.(28)

with D = 1. The result of calculating A f j by distinguishing cases is given by the following

equation:

Ãk ≡ Ãkk = a2

N
2

∑

l=0

e−v2l2 cos(lk)

+a2

N−1
∑

l= N
2
+1

e−v2(N−l)2

cos(lk) . (29)

Similarly, by diagonalizing Eq. (11) using the Fourier transform, we obtain the following

equation:

B̃p = b2
. (30)

Here, by applying the Fourier representation to Equation, we obtain the following equation:

uout =
∑

q

k̃−qC̃−1
q t̃q

.
(31)

In this paper, the mean of the unknown target variable uout is used as the restored data. Since

uout is a real number, the imaginary part of Eq. (31) can be disregarded. k̃−q is the complex

conjugate of k̃q. Furthermore, since C̃q is diagonalized by the Fourier transform, to obtain

C̃−1q, it is sufficient to take the reciprocal of the diagonal elements of C̃q. These are the

advantages of introducing the Fourier transform under periodic boundary conditions.

4. Explanation of the theory

From here, we refer to the target value without noise S j as “true value data” and the

unobserved data uout as “estimated value data”. The noise, given by
∣

∣

∣S j − t j

∣

∣

∣, represents the

difference between the degraded data t j and the true target value S j. We will briefly explain

the method of calculating the mean squared error E1 between the restored data uout obtained

in the previous section and the true value data S j without noise. In this section, variables with

a hat symbol ˆ are defined as unknown hyperparameters. We define E1 as follows. Since E1 is
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the mean squared error between the original data S j and the restored data uout, the smaller the

value, the better the model’s output. Although Eq. (31) represents the target variable derived

from arbitrary inputs and typically takes continuous values, in practice, when calculating it

using the equation below, we will use discrete values and replace the subscript of uout with j.

E1 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

N

∑

j

(

S j − u j

)2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

(32)

Here, ||·|| denotes the average with respect to the joint probability distribution P(t, S) =

Pout(t |S)P(S). Note that in this context, S denotes the true (noise-free) output values cor-

responding to the unobserved inputs, and uout denotes the model’s predicted output values

for those same inputs. Therefore, the mean squared error given by Eq. (31) represents the

generalization error, not the training error.

The Fourier representation of Eq. (32) is given as follows.

E1 =
1

N

∑

k

∥

∥

∥

∥

(

S̃ k − ũk

)(

S̃ −k − ũ−k

)

∥

∥

∥

∥

(33)

Since P(t, S) is diagonalized in the Fourier representation, it can be easily computed.

Here, by setting as in the following equation,

Ã−1

k
+ B̃−1

k
= C̃′

k ,
(34)

we obtain the following equation:
∥

∥

∥

∥

(

S̃ k − ũk

)(

S̃ −k − ũ−k

)

∥

∥

∥

∥

=
1

Z

∫ ∫

dS̃ kdt̃k

∣

∣

∣S̃ k − ũk

∣

∣

∣

2

× exp

[

−
C̃′

k

2

∣

∣

∣

∣

∣

∣

∣

S̃ k −
B̃−1

k

C̃′
k

t̃k

∣

∣

∣

∣

∣

∣

∣

2

−
{ B̃−1

k

2
−

(

B̃−1

k

)2

2C̃′
k

}

|t̃k|
2

]

=
1

C̃′
k

+

















B̃−1

k

C̃′
k

− ˆ̃A−k
ˆ̃C−1

k

















2

1

B̃−1

k
−

(

B̃−1

k

)2

C̃′
k .

(35)

Therefore, when the following condition is satisfied,

â = a, b̂ = b, v̂ = v , (36)
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The mean squared error E1min
obtained using Eq. (34) reaches the following minimum value:

E1min
=

1

N

∑

k

1

C̃′
k

=
1

N

∑

k

1

Ã−1
k
+ B̃−1

k .

(37)

Thus, E1min
is given by

E1min
=

∑

k

1

N

(

1

a2
∑

l e−v2l2 ei(k·l)+a2
∑

l e−v2(N−l)2 ei(k·l) +
1
b2

)

.

(38)

Similarly, the mean squared error between the true target variable without noise and the

noisy target variable before restoration can be obtained as follows.

E2 =

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

1

N

∑

j

(

S j − t j

)2

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

=
1

N

∑

k

B̃k =
1

N

∑

k

b2 = b2 (39)

In general, for a Gaussian process, if the input variable values of the model are equally spaced

and satisfy periodic boundary conditions, and the kernel is a symmetric circulant matrix, then

A f j and B f j can be diagonalized by the discrete Fourier transform, and the general solution

can be obtained as described above.

5. Results

Then, we present the analysis results for Eq. (38) and Eq. (39).

Fig. 2 shows the mean squared error for N = 8192 as an approximation of N →∞. Here,

a = 1.0 and b = 1.0. The dashed line in (A) represents the theoretical value E1min
, which is the

mean squared error after restoration according to Eq. (38). The solid line in (A) represents the

mean squared error after restoration obtained from simulations. The dashed line in (B) repre-

sents the theoretical value E2, which is the mean squared error before restoration according to

equation. The solid line in (B) represents the mean squared error before restoration obtained

from simulations. From Fig. 2, it can be confirmed that the simulation results after restoration

are in close agreement with the theoretical values. This suggests that for N →∞, the simula-

tion results will perfectly match the theoretical values. Additionally, N → ∞ is equivalent to

the case where periodic boundary conditions are not applied.

Here, the behavior of a Gaussian process for v = 0.01 is shown in Fig. 3. For v = 0.01, N =

8192, a = 1.0, and b = 1.0. The horizontal axis represents the input variable and the vertical

axis represents the target variable. Although the original dataset contains N = 8291 points, the

input range is truncated at 2000 to improve the figure’s readability. The solid line denotes the
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Fig. 2. The horizontal axis represents v and the vertical axis represents the mean squared error, in the case

of N = 8192, a = 1.0, and b = 1.0. The dotted line (A) shows the mean squared error of the critical value,

computed from Eq. (38). The solid line (A) shows the mean squared error obtained numerically after restoration.

The dotted line (B) shows the mean squared error before restoration, computed from Eq. (39). The solid line

(B) shows the mean squared error obtained numerically before restoration.

original data, the dashed line represents the restored data, and the diamond symbols indicate

the degraded data. As shown in Fig. 3, the restored data are in close agreemennt with the

original data, demonstrating the effectiveness of the restoration.

6. Conclusion

In this study, we performed precise diagonalization by case-separating a translationally

symmetric matrix (translationally symmetric covariance matrix). Then, we applied the pre-

cisely diagonalized covariance matrix to a Gaussian process. As a result, we found that the

analytical solution and the simulation results matched well in terms of the mean squared error

before restoration (E2) and after restoration (E1).
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Fig. 3. The horizontal axis represents the input variable and the vertical axis represents the output variable,

with v = 0.08, N = 8192, a = 1.0, and b = 1.0. The figure illustrates the relationship between the unobserved

inputs xin and their corresponding predicted outputs uout obtained from the Gaussian process model. The solid

line represents the predicted outputs uout, the dashed line represents the true (noise-free) values S , and the

diamond symbols denote the noisy observations t. This visualization demonstrates how the model generalizes

from the training data to estimate the target values for previously unseen inputs.
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